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Abstract 

This paper comprises two parts. In the first, we study LP to U bounds for spectral multipliers 
and Bochner-Riesz means with negative index in the general setting of abstract self-adjoint op¬ 
erators. In the second we obtain the uniform Sobolev estimates for constant coefficients higher 
order elliptic operators P{D) - z and all z € C\[0, oo), which give an extension of the second or¬ 
der results of Kenig-Ruiz-Sogge [39]. Next we use perturbation techniques to prove the uniform 
Sobolev estimates for Schrddinger operators P{D) + V with small integrable potentials V. Finally 
we deduce spectral multiplier estimates for all these operators, including sharp Bochner-Riesz 
summability results. 
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1 Introduction 


In this paper we investigate to U estimates for spectral multiplier operators including Bochner- 
Riesz means with negative index in the general setting of abstract self-adjoint operators as well as 
elliptic differential operators. We also study closely related issue of the uniform Sobolev estimates. 
In this section we review these ideas, present our results, and put them in context. 

Suppose that X is a metric measure space and that L is a nonnegative self-adjoint operator acting 
on the space L}{X). Such an operator admits a spectral resolution Ei{A). If F is a real-valued Borel 
function F on [0, oo), we can define the operator F{L) by the formula 


( 1 . 1 ) 


F(L) = 



F(d)d£i(d). 


By the spectral theory the norm ||F(L)|| 2^2 is bounded by L°° norm of the function F (on the spectrum 
of L). We call (5lFi{A) the spectral measure associated with the operator L. A significant problem 
often considered in the spectral multiplier theory is to describe sufficient conditions on F to ensure 
the boundedness of extension of multiplier F{F) from the operator defined on L^{X) to one acting 
between some FP{X) spaces or even more general functional spaces defined on X. Since the fun¬ 
damental works of Mikhlin and Hormander on Fourier multipliers [43, 37], one usually looks for 
conditions formulated in terms of differentiability of the function F. In addition the special instance 
of the Bochner-Riesz mean described below is also often investigated. 

In the last fifty or so years spectral multipliers theory and the Bochner-Riesz means have attracted 
a lot of attention and have been studied extensively by many authors. The existing literature is 
too broad to list all significant contributions to the subject. Therefore here we mention only some 
examples of papers devoted or related to this research area such as [2, 9, 15, 23, 29, 32, 35, 36, 39, 
41, 44, 51, 50, 53]. We wish to point out papers, which investigate sharp spectral multiplier results, 
the main focus of our study and quote in addition [14, 16, 19, 27, 33, 46, 47]. We refer the reader 
for references in all works cited above for more comprehensive list of relevant literature. 

One of the most significant and more often considered instance of spectral multipliers is the 
Bochner-Riesz mean of the operator L. To define it, we put 


( 1 . 2 ) 


1 L 1 forT<R 

r(cr-i-i)\ R/+ r(Qr -I-1) I Q x>R. 


Then, we call the operator S ^(L) defined by (1.1) the Bochner-Riesz mean of order a. The additional 
factor is just reparametrization for positive a which is convenient to use if one consider nega¬ 
tive range of a, see [3, 7]. The case a = 0 corresponds to the spectral projector ^^([O,^]), while for 
cr > 0 one can think of (1.2) as a smoothed version of the spectral projector, where the magnitude 
of a increases the order of smoothness. In perspective the Bochner-Riesz means of the operator F 
which we develop here play a special role because they are not only the aim of our study but also a 
crucial tool in this paper. 
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To be able to describe and discuss our results we have to introduce some standard notation. 
Throughout this paper we assume that {X,d,iu) is a metric measure space with a Borel measure /i. 
We denote by B{x,p) = {y e X, d(x,y) < p) the open ball with centre x & X and radius p > 0. We 
often just use B instead of B{x,p). Given T > 0, we write AB for the T-dilated ball which is the ball 
with the same centre as B and radius Ap. We set V{x,p) = p{B{x,p)) the volume of B{x,p). 

We say that (X, d,p) satisfies the doubling condition, see [17, Chapter 3], if there exists a constant 
C > 0 such that 

(D) V(x, 2p) < CV{x, p) Vp > 0, X 6 X. 

If this is the case, then there exist constants n and C such that for all d > 1 and x 6 X 
(D„) V{x,Ap)<CA”V{x,p). 

In the sequel we want to consider n as small as possible and we always assume that condition (D) 
and (Dn) are valid. In the standard Euclidean space with the Lebesgue measure n coincides with its 
dimension. 

Next we describe the notion of Davies-Gaffney estimates, see [10, 11, 18]. Given a subset E Q X, 
we denote by;^^ the characteristic function of E and set 

PEf{x) =XE(x)fix). 

Consider again a non-negative self-adjoint operator L and an exponent m > 2. We say that the 
semigroup generated by L satisfies m-th order Davies-Gaffney estimates, if there exist constants 
C, c > 0 such that 


(DG,,) 




for all t > 0 and x,y e X. 

Another condition which we usually impose on the semigroup generated by L can be described 
in the following way. We assume that for some 1 < p < 2, 


(Gp,2,„,) 



B{x,s) 



< cv{x,sy I’ 



holds for all X 6 X and s > t > 0. 

Recall that the semigroup e~‘^ generated by L is said to satisfy m-th order (pointwise) Gaussian 
estimate GEm, see for instance [10, Proposition 2.9], if semigroup has integral kernels Pt(x,y) 
and there exist constants C, c > 0 

(GEJ |p,(x,y)|<:^^^-^exp(-c(^^) ) 

for all t > 0 and x, y e X. It is not difficult to note that both conditions (DGm) and (Gp, 2 ,m) for any 
1 < p < 2 follow from Gaussian estimates (GEm). On the other hand, there are many operators 
which satisfy Davies-Gaffney estimates (DGm) for which the standard pointwise Gaussian estimates 
(GEm) fail. Eor example, Schrodinger operators with inverse-square potential see [18, 45], second 
order elliptic operators with rough lower order terms, see [42], or higher order elliptic operators with 
bounded measurable coefficients, see [21]. 
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For semigroups generated by differential operators the parameter m > 2 above usually eorre- 
sponds to their order. The above estimates espeeially in the ease m = 2 are the main foeus of heat 
kernel theory, ft is a well-established area of mathematies, whieh provides a deep understanding of 
Gaussian estimates (GEm) and a broad elass of examples ( operators and ambient spaees ), for whieh 
sueh estimates hold, see e.g. Davies [20], Ouhabaz [44] and Grigor’yan [31] and literature therein. 

ft is known that conditions (DGm) and (Gp^i.m) for some 1 < p < 2 imply that the spectral 
operator F(L) is bounded on L''(X) for all p < r < p' for any bounded Borel function F : R+ ^ C 
such that 

(1.3) sup\\T]F(t-)\\ck < oo 

t>0 

for some k > n{\/p - 1/2), see for example [2, 9, 27] and Proposition 2.2 below, ffere rj 6 C“(0, oo) 
is an arbitrary non-zero auxiliary function. In particular, if p = 1 then this corresponds to a spectral 
multiplier version of the classical Mikhlin theorem. 

In general spectral multiplier theorems based on norm in (1.3) do not lead to critical exponent 
for Bochner-Riesz summablity. To obtain such sharp results weaker Sobolev norms VF"’^(R) (1 < 
^ < oo) are considered, see [14, 27, 46]. The general perspective of these papers is that condition 
(STp 2 m) below, imply sharp 1T"’^(R) version of spectral multipliers. See also [33, 41]. Condition 
(STp 2 m) is motivated by classical Stein-Tomas restriction theorem, see (1.4) below. We point out 
that considering different values of ^ 6 [1, oo] are often essential for applications. If ^ = oo, then 
conditions (ST “21 „) and (Gp, 2 ,m) are equivalent for every 1 < p < 2. The case q = 2, corresponding to 
classical Hormander theorem, has another characterization in terms of the spectral measure dEi(A). 
Namely, given any 1 < p < 2 condition (ST^ ^ m) is equivalent to the following estimate 

(1.4) \\dELiA)\\p-,p> < C T>0. 

It is a remarkable fact that estimate (1.4) not only play a crucial role in spectral multiplier theory and 
Bocher-Riesz analysis but can be also regarded as a significant example of restriction type results in 
harmonic analysis. Indeed, if A is the standard Laplace operator in R”, then a T*T argument yields 

dE^iA) = 

where R,i is the restriction operator defined by relation R;i(f)(a)) = /( VAoj), where / is the Fourier 
transform of / and m 6 S"“^ (the unit sphere). Thus it follows from the celebrated Stein-Tomas 
theorem, see [52] that the spectral projection measure dE./^(A) is bounded as an operator acting 
from L^(R”) to L^'(R") for any 1 < p < 2{n + l)/(n + 3). Let us also mention that in [33] spectral 
estimate (1.4) was obtained in the setting of Laplace type operator acting on asymptotically conic 
manifolds. 


As we said in Abstract this paper comprises two parts. In first we will study the mapping 

properties of spectral multipliers and Bochner-Riesz means with negative index in the general setting 
of abstract self-adjoint operators. In the case of standard Laplace operator and Fourier transform such 
negative index means were studied in [3, 7, 13, 34]. In our discussion we consider condition that 
Bochner-Riesz mean 5^( VT) satisfies the (p, ^)-estimate, if there exists a constant C > 0 such that 
for all R > 0 


(BRp%,n,) 


\\SU^)P 


B{x,p) \ \ p^q 


< CV{x,p) 


9 P 
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for all ;i; e X and all p > l/R, see Section 3 below. In this context, we will show that, on an 
abstract level, Bochner-Riesz means with negative index can be used to study spectral multipliers. 
Roughly speaking, under the assumption that V(x,p) > Cp" for all x 6 X and p > 0, if L satisfies 
Davies-Gaffney estimates (DGm) and (GpQ^ 2 ,m) for some I < po < 2, and (BR^^j^) for a > -1 and 
Pq < p < q < P'q, then for any F G Vk^’^(R) such that suppF c [1/4,4], the operator F{t^) is 
bounded from U{X) to L\X) for all p < r < 5 < ^ and f3 > n{\lp - l/r) + n(\/s - l/q) + a + 1. 

As an application we establish the U mapping properties of Bochner-Riesz means of the 
operator L with negative indexes. To be able to provide more detail description of our results we 
introduce additional notation, which partially coincides with one considered in [4, 7]. Given some 
1 < p < 2, we set 


5(p) = 


n -I- 1 -I- 2a 


In 


+ a ■ 


('■ 

n - 1 - 1 - 1 - 2a 

2n 

2a 

n-\- \ -\-2a 

P 

2n 

/> 

n + 1 + 2a 

1/-' 

2n 


,1 2a 1 

I,. 


, / n - 1 - 2a 2a n - 1 - 2a 

BiP) = \ -3-’-a +-3- 

2n p 2n 

^ [n-\-2a 1 

’‘-p 

, ;i 1 2a\ 


Denote by Aa(p,n) the open pentagon with vertices A, B(p), B'(p), A', (1,0). In Section 3 we will 
show that if we assume that C“'r" < V(x,r) < Cr" for all x G X and r > 0, and that L satisfies 
estimates (DG^), (Gpo_ 2 ,m) for some 1 < po < 2 then for any po < p < 2, 

(BR-;, ^ (BR“,,^) 


if each of the following conditions holds: 

(1) a > n(l/p - 1/2) - 1/2, po < r < 5 < p[,, r < and <?; < 5 where q^ = max{l, 

(2) n(\/p - 1/2) - 1/2 > a > 0, po < r < s < p^, (l/r, l/^) G Aa(p,n) and (l/r, I/ 5 ) is strictly 
below the lines joining the point (1 /2,1 /2) to C(p) and C'(p). 

(3) -1/2 < a < 0, Po < r < 5 < Pq, (l/r, I/ 5 ) G Aa(p,n) and (l/r, l/i’) is strictly below the lines 
joining D(p) to C(p); D(p) to D'(p) and D'(p) to C'(p). 

(4) -1 < a < -1/2, Po < r < 5 < p[,, a - y < f - f, r < < 2 -; and < 5 , where l/^„ = 
1 -I- a - (2a -I- l)/p. 


In our paper we do not investigate the endpoint type results. The perspective developed in [14] 
suggests that such endpoint estimates can only be obtained in the second order case m = 2. 


Next consider D = -i(di ,..., (9„) and operator P(D) where P is a real elliptic polynomial of oder 
m > 2. The second part of this paper is devoted to restriction type estimates and Bochner-Riesz 
means of negative order of differential operators P(D) -l- V, where V(x) are nonnegative potentials, 
see Sections 4-6 below. In the sequel, we write Hq = P(D) and FI = P(D) - 1 - V. If 0 < V g L,^^(R"), 
then it is well known that FIq and FI can be defined as nonnegative self-adjoint operators on L^(R"). 
Our approach to investigation of spectral multiplier operators F(F[) is to obtain the restriction type 
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estimates (1.4) for H. We are able to do this under the standard non-degenerate eondition of the 
homogeneous elliptie polynomial P{^) on R": 


(1.5) 


V / 


d^j 


+ 0 , 




The above eondition is equivalent to the faet that the compaet smooth hypersurfaee E = { ^ 6 
R”; |T’(^)| = 1 } has nonzero Gaussian eurvature everywhere. In terms of the Fourier transform we 
ean express the speetral deeomposition of Hq by the following formula 


cIEhM)! = i3{P - A)f Y 


1 

{Iniy 



dcTAiO 
\VP\ • 


Henee based on the non-degenerate assumption (1.5), for any 1 < p < 2(n + l)/{n -l- 3), the speetral 
measure estimates (1.4) for PIq follow from restriction theorem on the general surface E, see e.g. 
[30] and Stein [50, P. 364]. 

For a non-trivial potential V one can not use the Fourier transform to obtain description of spec¬ 
tral resolution of the operator H = Hq + V. Therefore we have to develop another perspective to 
analyse the spectral properties of H, which is based on perturbation techniques and some of ideas 
developed in Section 3. In our approach we use Stone’s formula: 


(1.6) dEH{A)f = {2mr\RH{A + iO) - Rh{A - iO))/, T > 0, 


where Rh{A + iO) are defined as boundaries of the resolvent {H - z)"' of H with z 6 C/[0, oo). To 
obtain the required bound of Rh{A + iO), we establish the following uniform Sobolev type estimate 
for the operator P{D) 

(l.V) < c ||(F(D) - z)m||^,(^„), z ^ 0, 

where n > m> 2 and the pairs (p, q) satisfy the following conditions: 


( 1 . 8 ) 


mini — 


11 1 \ 1 
2 ’ 2 ~ ^ 2 ^’ 


— <(- 

n -I- 1 


1 \ m 
q' n 


see Corollary 4.2 below. Note that on the Sobolev embedding line \/p - \/q = m/n estimate (1.7) 
does not contain the term which depends on |z|, which means that it is uniform for all z e C as its 
name suggests. The proof of (1.7) is based on analysis of oscillatory integral operator related to 
restriction theorem, see e.g. [48], which essentially relies on the non-degenerate curvature condition 
on the hypersurfaee E above. 

In the case P{D) = -A, estimate (1.7) and their more general non-elliptic variants were obtained 
by Kenig, Ruiz and Sogge and motivated by certain unique continuation theorems for the operators 
P(D), see [39]. Here using (1.7) and the following perturbed resolvent identity 


(1.9) RniA ± iO) = RhM ± i0)(l + VRhM ± i0))“\ T > 0, 

we will verify -version of the limiting absorption principle (1.6) for H. Some versions of (1.9) 
and the limiting absorption principle were used by Agmon in his celebrated scattering work [1] on 
different weighted subspaces of L^(R"). 
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In Theorem 5.8 below, based on the limiting absorption prineiple and uniform Sobolev estimate 
we prove that there exists a eonstant Cq > 0 sueh that if 


( 1 . 10 ) 


l|y||i + sup 

ysR" 



mx)\ 

\x - 


dx < Co, 


then the spectral measure estimates (1.4) hold for H = P(D) + V for all 1 < /> < min Note 

that when m = 2 and n > 3 then the range of p is the same as for the standard Laplace operator, 
see Remark 5.9 below. Note also that if V g n then the expression described in (1.10) 
is finite. This provides a large class of rough potentials V to which our result can be applied. It is 
an interesting question whether it is enough to assume that the expression defined by (1.10) is finite 
instead of being small enough. It is plausible to expect that further sophistication of our approach 
can lead to result of this type but we are not going to study this issue here. 

In our approach we need to assume that the semigroup e~‘^ generated hy H = P(D) + V, satisfies 
estimates (DGm) or (GE^). Now, since V(x) is nonnegative, it is comparably easy to show the 
Davies-Gaffney estimates (DG^) see Lemma 6.1 below. In addition if m > n or m = 2, then it is 
well-known that the Gaussian estimates (GEm) for always hold for all 0 < V G seee.g [5]. 
On the other hand, if 4 < m < n, then generally, the Gaussian bound of e~'^ may fail to hold. We 
describe some results of this type in Section 6 but do not discuss here all relevant details, instead we 
refer the reader to [21, 24]. 

The layout of the paper is as follows. In Section 2 we recall some basic properties of heat kernels 
and state some known spectral multiplier results. In Section 3 we will show that, at an abstract level, 
Bochner-Riesz means with negative index implies spectral multiplier estimates corresponding to 
functions supported in dyadic intervals, which can be used to study —> U mapping properties of 
Bochner-Riesz means with negative index. In Section 4 we prove the uniform Sobolev estimate (1.7) 
for constant coefficient higher order elliptic operators on R”. We then use the standard perturbation 
technique to obtain estimates of spectral projectors for elliptic operators P{D) + V with certain 
potentials V on R” in Section 5. Erom this, we can deduce spectral multiplier estimates of these 
elliptic operators, including Bochner-Riesz summability results in Section 6. 

Throughout, the symbols “c” and “C” will denote (possibly different) constants that are indepen¬ 
dent of the essential variables. 


2 Preliminaries 

In this section we discuss some basic properties of Gaussian, Davies-Gaffney and Stein-Tomas type 
estimates. Eor I < p < -l-oo, we denote the norm of a function / G LP{X,dp) by ||/||p, by (.,.) 
the scalar product of L^iX, dp), and if T is a bounded linear operator from L^(X, dp) to L^(X, dp), 
1 < p, q < - 1 - 00 , we write \\T\\p^q for the operator norm of T. Eor a given function E : R —> C 
and R > 0, we define the function 6rF : R ^ C by putting 6rF(x) = F(Rx). Given p G [1, oo], the 
conjugate exponent p' is defined by \/p + l/p' = 1. 

Eor a function W : M —> R, let the operator of multiplication by W, that is 

(Mw/)(x) = W{x)f{x). 

In the sequel, we shall identify the function W and the operator Mw- That is, if T is a linear operator, 
we shall denote by W 1 TW 2 the operator T. We also set V“{x) = V{x, 0". 
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2.1 Gaussian estimates and Davies-Gaffney estimates 

Proposition 2.1. Let m > 2 and \ < p <2. Let L be a non-negative self-adjoint operator on lf{X) 
satisfying Davies-Gaffney estimates (DGm) and condition (Gp, 2 ,m)- Then for all p < r < q < p' and 
for all a,f3 > 0 such that a f3 = l/r - Ifq 

( 2 . 1 ) \\V^e-'"'^vX^,<C, 

and 


(2.2) ||y“(/ + rL)-"/"'yf||^_^^ < c 

for every N > n(l/r - l/q). 

Proof From condition (Gp, 2 ,m) 

(2.3) \\PBi.,t)e-''"^PBiyAXp' < CV{x,tf-X(y,t)yL 
Let p 6 (p, 2). Note that it follows from the doubling eondition (Dn) that 

y(>^,p)<c|l + ^^j y(x,p) '^p>0,x,yeX 

From the above estimate, (2.3) and Davies-Gaffney estimates (DG^), the Riesz-Thorin interpolation 
theorem give the following L^ - L^' off-diagonal estimate sueh that there exist eonstants C, c' > 0 
sueh that for all t > 0, and all x, y e X, 

(2.4) \\PB(x,t)e~''''^PB{y,t)\\u^u' < Cy{x,t)T~t’ exp( - )""*). 

By (ii) of [11, Proposition 2.1], we obtain that for p < r < q < p' and for all a,f3 > 0 sueh that 
a = \/r - l/q 

(2.5) \\V"e-‘"'^Vf\U, < C, 


whieh proves (2.1). 
Next, for t > 0, 


(7 + = C 


N 


J f^O 

0 


e s 




for some Cn- It then follows that for every p < r < q < p'. 


( 2 . 6 ) 


|y“(/ + rL)-^/™yf| 


r^q 


< C 


N 


J f^O 

0 


^-s^Nhn-l \\ya^-sf'Lym 


\r-^q 


Observe that for every z e X, if 5 < 1, then 

y(z, t) < Cs-"''^V{z, S^X 


and if 5 > 1, then y(z, t) < CV(z, s^^'^t). Estimate (2.6) yields (2.2) for N > n{l jr - 1/p). This ends 
the proof. □ 
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2.2 Stein-Tomas restriction type condition 

Let us recall the restriction type estimates (ST^ 2 m)’ which were originally introduced in [27] for 
p = I, and then in [14] for general \ < p <2. Consider a non-negative self-adjoint operator L and 
exponents p and q such that I < p < 2 and 1 < ^ < 00 . Following [46], we say that L satisfies 
the Stein-Tomas restriction type condition if for any R > 0 and all Borel functions F such that 
suppF c [0,R], 


(ST 


p,2,m^ 


||F( VI)F 


B{x,p)\ 


< CV{x,pr--HRpf'~^-^\\SRF\\ 


for all X e X and all p > 1 /R. 

As we mentioned in Introduction this condition is motivated by analysis of the standard Laplace 
operator A = - 2”=i on R”. It is not difficult to observe, see [14, Proposition 2.4], that for <7 = 2 
the condition (ST^ ^ 2 ) equivalent to the (p, 2) Stein-Tomas restriction estimate 




for all 1 < p < 2 ^. 

Note that if condition (STp 2 m) holds for some q e [l,oo), then (STp 2 m) is automatically valid 
for all ^ ^ including the case ^ = 00 . It is known that if ^ = 00 , then the condition (ST “2 follows 

from the standard elliptic estimates, that is, to be more precise the conditions (ST“ 2 n,) and (Gp 2 ,m) 
are equivalent, see for instance [46, Proposition 2.2]. 

We start with stating very general spectral multiplier result. Point (z) of the following proposition 
can be easily applied in a wide range of situations but usually does not give the sharp result and the 
differentiability assumption can often be relaxed. However, this general statement helps to avoid 
nonessential technicalities while discussing sharp spectral multiplier results. Point (zz) usually leads 
to optimal results but verifying condition (STp 2 j^) is quite difficult. For the proof, we refer the reader 
to [9] (for point (z)) and [46, Theorem 5.1] (for both parts). Recall that n is the doubling dimension 
from condition (Dn) and q e C“(0, 00 ) is a non-zero auxiliary function and Q is a space of k times 
continuously differentiable functions on the real line. 

Proposition 2.2. Let L be a non-negative self-adjoint operator on L}{X) satisfying Davies-Gajfney 
estimates (DGm). Then 


(i) Assume that the condition (Gp, 2 ,m) holds for some p satisfying I < p < 2. Then for any 
bounded Borel function F such that 


sup llz/d,Flic* < 00 

r>0 

for some integer k > n{llp - 1/2), the operator F(L) is bounded on fiX) for all p < r < p'. 


(ii) Assume that the condition (STp 2 ni) holds for some p,q satisfying I < p < 2 and \ < q < 
00 . Then for any bounded Borel function F such that sup,>Q ||z 7 d,F||vi?a < 00 for some a > 
max[zz(l/p - 1/2), l/q}, the operator F{L) is bounded on U{X) for all p < r < p'. 


A significant example of spectral multipliers are Bochner-Riesz means. Let us recall that Bochner- 
Riesz operators of index a for a non-negative self-adjoint operator L are defined by the formula 


Sl{L) 


1 

F(a + 1) 



R > 0. 
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Bochner-Riesz analysis studies the range of a for whieh the operators S^(L) are uniformly 
bounded on U. Applying speetral multiplier theorems to study boundedness of Boehner-Riesz 
means is often an effieient test to eheek if the eonsidered result is sharp or not. 

Corollary 2.3. Suppose that the operator L satisfies Davies-Gajfney estimate (DGm) and condition 
(STp 2 m) with some 1 < p <2 and I < q < oo. Then for all p < r < p' and a > n{l/p - 1/2) - l/q, 

(2.7) sup||5“(L)||^^^<C. 

R>0 

Proof. For the proof, we refer the reader to [46, Corollary 4.4,]. □ 


3 Spectral multipliers and Bochner-Riesz means 


Assume that (A, d,p) satisfies the doubling eondition, that is (D). Suppose L is a nonnegative self- 
adjoint operator aeting on the spaee L^{X). Sueh an operator admits a speetral resolution EfiX). If F 
is a real-valued Borel funetion F on [0, oo), then one can define the operator F{F) by the formula 


(3.1) 


F(L) = 



F(d)d£L(d). 


By spectral theory if the function F is bounded, then the operator F{F) is bounded as an operator 
acting on iffiK). Many authors study necessary conditions on function F to ensure that F{F) is 
bounded as operator action on spaces for some range of p. However we are interested here in 
estimates of norm of F{F) for some I < p < q < oo especial in situation when F is 

potentially unbounded. 

Observe that for Imd 0, the resolvent family (L - d)"^ is a holomorphic family of bounded 
operators on F^{X). Throughout this article, we assume that: 

The resolvent family of the operator F extends continuously to the real axis as a bounded operator 
in a weaker sense, e.g., between weighted F^-spaces. 

It is then differentiable in A up to the real axis. This property is satisfied by many operators, e.g., 
constant coefficients higher order elliptic operators PiD) described in Section 4 below. Under this 
assumption, we find that El(A) is differentiable in A and Stone’s formula for operator L is valid 


^ ((L - (d + f0))-i -(L-(A- f0))-‘). 


In this case we write (abusing notation somewhat) dEL(A) for the derivative of El(A) with respect to 
d. Stone’s formula gives a mechanism for analysing the spectral measure, namely we need to analyse 
the limit of the resolvent (L - d)“' on the real axis, see Sections 4-6 below. 


3.1 Bochner-Riesz means with negative index 


In the same way in which we defined the Bochner-Riesz means of the operator F one can also define 
Bochner-Riesz means of its root of order m, that is S/L. Similarly as before, for every R > 0 the 
Bochner-Riesz means of index a for the operator S/T are defined by the formula 


(3.2) 



1 

r(cr+ 1) 



O' > -1. 


V 
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When or = -1, we set VT) = R ^dE Given some a > -1 and 1 < p < q < oo,we say that 
the Bochner-Riesz mean 5^( satisfies the (p,^)-estimate, if there exists a constant C > 0 such 
that for all R > 0, 

(BR“q,^) ||S"( < CV(x,p)l-kRpr^T--^'> 

for all X e X and all p > 1 /R. 

In our first statement of this section we note that considering the Bochner-Riesz means of the 
operators L and Vl are essentially equivalent under some assumptions of the operator L. 


Lemma 3.1. Suppose that {X,d,p) satisfies the doubling condition (D) and that the semigroup cor¬ 
responding to a non-negative self-adjoint operator L satisfies estimates (DGm) and (Gp^ 2 ,m)/or some 
1 < Po < 2. Then for every a > -1 and ^ < Po < p < q < p'q, (BRpqj^) is equivalent to 

( 3 . 3 ) < cvix,pr^-kRpr^'-'^ 

for all X and all p > I /R. 

Proof. Let ^ be a non-zero function on R such that <fi(s) = 1 if 5 e [-1/2,3/2] and <p(s) = 0 if 
li'l > 2. For 5 > 0, we write 

m-1 

(3.4) (1 - 5)“ = (1 - 

/(=1 

and 

m-1 

(3.5) (1 - 5^^'”)“ = (1 - 5)“(1 + //”')““(p(5). 

k=l 


We apply Proposition 2.2 to obtain that for po < r < p^, there exists a constant C > 0 independent 
of R such that 


(3.6) 



R 







< C. 

r—^r 


This, together with (3.4) and (3.5), proves Lemma 3.1. 


□ 


It is easy to note that for the standard Bochner-Riesz means corresponding to the Fourier trans¬ 
form and the standard Laplace operator, condition (BRpq^) implies the same estimates for all ex¬ 
ponents r, s such that 1 <r<p<q<s<oo. In our next statement we show that this is a quite 
general situation limited only by a range of spaces on which the semigroup generated by L acts 
and enjoys generalised Gaussian estimates. 

Lemma 3.2. Suppose that there exists a constant C > 0 such that C~^p'’ < V(x,p) < Cp" for all 
X £ X and p > 0. Next assume that L is a non-negative self-adjoint operator acting on Lj{X) 
satisfying estimates (DGm) and (Gpo, 2 ,m) /or some \ < po <2 and that or > -1. Then (BRp q j^) with 
Po < P < d < P'q implies (BR"^ ^) /or all po < r < p < q < s < p^. 

In particular, if the operator L satisfies the Gaussian estimate (GEm), then (BRj^q ^) implies 
(BR“j, ^for all\<r<p<q<s<oo. 
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Proof. We first show that (ERp^j^) implies for \ < < p < q < s < p'^. We choose a 

function tp e C^(-2,2) such that ip{s) = 1 if 5 < 1; 0 if 5 > 2. Let N > n(\/q - l/s). Note that 
V(x,p) > C~^p^ for all ;i; e X and p > 0. For po < q < s < p'Q,\i follows by Proposition 2.1 that 


j ^-Nlm 

1 + — 




q—^s 


j -NIm 

V{x,A-^W^l + ■^ 


q—*s 


(3.7) 

Hence by Proposition 2.2 


< 






A 


q—*s 




(f: 


^Njm 

1 + — 

d"‘ 


q^q 


^-Nlm 

1 + — 

A’” 


q—^s 


(3.8) < 

Note that (1 - ^/d)" = ip{slA)(\ - 5/d)“ and V{x,p) < Cp" for all x 6 X and p > 0. It follows that 


||S“(VI)Pb(,,p)|| 


p—^s 


< 



'VI' 




'VI' 




S‘1{^)Pbp,p, 


p—*s 


||5“(VI)Pb(..p)II 


p^q 


q^s 


(3.9) 


1 1 ^ 11 1 1 ^ 
< Cd ? ^^V{x,p)f p(Ap) p 
1 1 


< cv(x,pp-HApy 


«(---) 


since V(x,p) < Cp" for all x 6 X and p > 0. Hence, (BR®^ ^) => (BR",, j^) for 1 < po ^ P < ^ < ■s' < 
Pq. a similar argument as above shows that (BRJ^^j^) implies (BR“qj^) for 1 < po < r < p < ^ < p^. 

As we notice before, condition (Gi 2 ,m) follows from (GEm), so the second part of the Lemma 3.2 
follows from the first part. This ends the proof of Lemma 3.2. □ 

Our next result is a version of Lemma 3.2 corresponding to the case a = -1. In this situation the 
proof simplifies and we can omit the Gaussian bounds assumptions from the statement. 

Lemma 3.3. Let a nonnegative self-adjoint operator H satisfy the (po, p'fj-restriction estimate for 
some 1 < po < 2 such that 

(3.10) \\dEH{A)\\p,^p^ < 

In addition, if there exists some k > 0 such that 

(3.11) 11(1 + tHfX^po < t > 0, 

for some 1 < p < po < 2. Then the estimate 

(3.12) \\dEH{A)\\,^-.,, 
holds for all p < q < po. 
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Proof. By interpolation, it suffices to prove the endpoint case q = p. In fact, we observe that 
(1 + HIA)~^^dEH(A.) = 2~^^dEH{A). Then by duality it follows that 


Wl-^’^dEnmp^p' 


= 11(1 + HIX)-’^dEH{A){l + HjArX^p, 

< lid+ HiAr%^pMEHmp,^p',m + HiAr%[,-.p' 

< C/l"'> pod'" ™ '’0 A "0 ^ 

< CA"'^~p~7^~\ 


This ends the proof. □ 

Remark 3.4. The resolvent power (1 + tH)~^ in condition (3.11) can be replaced by the semigroup 
e“'d which actually are equivalent by some standard arguments. 


Next we describe a useful notation of one-dimensional homogeneous distributions x°- and x°+ 
coming from [36] and defined by 


(3.13) 




r(Qr+ 1)’ 


Rea > -1, 


where T is the Gamma function and 


x" = x“ 

if 

x>0 

and 

= 0 

if 

X < 0; 

xz = ur 

if 

x<0 

and 

xZ = 0 

if 

X > 0. 


It easy to note that xf are well defined distributions for Re a > -1. From a straightforward observa¬ 
tion = +ax^“^ it follows that 


—y“ 
Jv * 




for all Re a > 0. One can use the above relation to extend the family of functions X- to a family of 
distributions on R defined for all a e C, see [36, Ch III, Section 3.2] for details. Since 1 - x^-i^) is 
the Heaviside function, it follows that 


Xl^ = 


1 , 2 ,..., 


where do is the d-Dirac measure. 

A straightforward computation shows that for all w, z 6 C 

(3.14) x"-*r-=xT^"\ 


whereis the convolution ofthedistributions;^^!!’andsee [36, (3.4.10)]. IfsuppF c [0, oo), 
we then define the Weyl fractional derivative of E of order v by the formula 

(3.15) = E *x~-~\ V6C 


and we note that for every v 6 C, 




-'X- 


=F, 
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see [28, Page 308] or [27, (6.5)]. It follows from the above equality and Fubini’s Theorem that for 
every v > 0, 

1 r“ 

(3.16) F{L) = ■— F^^{s){s-L)l-Us 

r(v) Jo 


for all F supported in [0, oo). Relation (3.16) plays an important role in the proof of Proposition 3.6 
below. 

At this point it is convenient to introduce slightly modified version of the standard Sobolev 
spaces. Namely, if suppF c [0, oo), then for any \ < p < oo and v e R we define the Weyl-Sobolev 
norm of F by the formula 


Remark 3.5. Note that for \ < p < oo the Weyl-Sobolev norm is equivalent to the standard Sobolev 
norm, that is 


whereas for p = I 
for any s > 0. 


c\\F\\w.P < IIFll WS''’P ^ 


IIF’lliySv,! < Ce||F||i^v+£,l 


Proof Note that (1 - d^jdx^) is an example of classical (one dimensional) Hormander type 

Fourier multiplier and is bounded on all L^(R) spaces for I < p < oo. Next set 


hf=x--^-"*f 


and for fixed £ > 0 consider the operator (1 - d^/!„■ An argument as in [36, Example 
7.1.17, p. 167 and (3.2.9) p.72] shows that (1 - d^/dx^)~^°‘^^^^'^^'^Iaf = f * q where Ty is the locally 
integrable function 

_• mail I • -inal2f:~{a+\) 

— S+ __S-_ 

- (1 + ^2ya+l+s)/2 • 

Here = max(0, ^) and - max(0, ^). A standard argument shows that q 6 L^(R). Hence 
In < C ||d«E < C ||(1 - 


This finishes the proof. □ 

In our next results we will explain how to estimate the U U norm of general multiplier F{L) 
in terms of estimate (BR" ^ ^). 

Proposition 3.6. Suppose that (X,d,p) satisfies the doubling property (D) and a non-negative self- 
adjoint operator L acting on L^{X) satisfying condition (BRp q j^)/or or > -1 and \ < p < q < oo. 
Then for every £ > 0 there exists a constant such that for any R > 0 and all Borel functions F for 
which suppE c [R/2,R] 


||f(^)p 


B(x,p)\ 


\p^q 


< CV(x,pf 




WS‘‘ 


for all X & X and all p > I jR. 
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Proof. We use the formula (3.16) to obtain that for a > -1, 


1 r°° 

r(cr + 1) Jo 

Since supp F Q [RI2,R\, one can rewrite 

J r* CO 

A"S%iW.){6RF *xZ‘^-^XA)dA 

0 

= /i + h- 


We observe that if /I 6 (2, oo) and r e (1/2,1), then;^_" ^(A - r) = 0, and so (6rF * X-" ^)(^) = 0- 
Hence h = 0. To estimate the term f we use condition (ERp^j^) to obtain 


\\F{^)Pbxp)\\p->, < f AlS^^(VL)PB^,JI,^,(SRF*x:''-^)mA 

Jo 


< cv(x,p)‘i p{Rpy 


J r*2 

0 


A 9'' 


\SrF *x~-~\F)\^Zi 


CV(x,pf-HFpT^^~^^(^J^ +J^ ^A’'^-p->°‘\6rF *x~-“~^W\dA 


= CV{x,pf-kRpf~^~'\ln+h2). 


For the term /ii we use the fact that suppcJ^F c [1/2,1] to obtain that if d G (0,1/4) and r G (1/2,2), 
then \xZ‘^~^{A - t)| < C. This shows 


'11 


< 


Jr*i/^ 

d"(^5)+“|d«F * x~-‘"~^iX)\dA 

0 

J r*l/4 ^ ^ ^ 

I - T)5RF{T)\dTdA 

0 Jr 


< C||d«F|i 

< C||d«F||i, 


ol/4 

Jo ■ 


A^-^^^dA 


where we used the fact that nil!p - Ijq) + a > -1. Now we estimate the term In, and note that 

In < C f A<->%F *x:'"~\'i)ldA 

Jl/4 

< C f |d«F*;r:“-2(d)|Jd<||d«F|| ivs“+ri 
Jim 

This ends the proof. □ 
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3.2 Bochner-Riesz means imply spectral multiplier estimates 


In this section we will show that Bochner-Riesz means can be used to study spectral multipliers cor¬ 
responding to functions supported in dyadic intervals. We assume that is a metric measure 

space satisfying the doubling property and n is the doubling dimension from condition (Dn). 

Theorem 3.7. Suppose that there exists a constant C > 0 such that V(x,p) > Cp" for all x £ X and 
p > 0. Let L be a non-negative self-adjoint operator L acting on L^(X) satisfying Davies-Gajfney 
estimates (DGm) and condition (Gpo, 2 ,m)/or some I < po < 2. Next assume that condition (BR^q ^) 
holdsfora > -1 andpo < p < q < p'^. Letp < r < s < q, andjS > n(l/p-l/r)-Vn(\/s-\/q)-Va-v\. 
Then for a Borel function F such that suppF c [1/4,4] and F 6 the operator F(t is 

bounded from U{X) to L\X). In addition, 


(3.17) 


supt"(^-^)|iF(t^)||,^,<C||F||«,,,,( 

t>0 


Proof Let f 6 C“(R) be a function such that supp0 c : 1/4 < \f\ < 1} and 2r€Z0(2 = 1 for 

all d > 0. Set </>o(d) = 1 - Zr=i 0(2“^d), 


G^°^(d) 


-f 

2.71 J_„ 


0o(T)G(T)e'^'' dr 


(f){2 *T)G(T)e'^'* dr. 


f=0 


(3.18) 
and 

1 

(3.19) g^L(A) = — 

2-7T J_oo 

where G(A) = F( Vd)e'*. Note that by the Fourier inversion formula 

oo 

G(d) = yG^'^(d). 

Then 

(3.20) F( Vd) = G(A)e-^ 
so for any / G L'‘(X) 

oo 

(3.21) ^ 

r=o 

Next we fix e > 0 such that 

(3.22) 2ns[{l/s - l/r) -V (1/p - 1/^)] < yS - n(l/s - l/r) - n{l/p - l/q) - a - 1. 

For every t > 0 and every b set pi = Then we choose a sequence (xf) g X such that 

d(Xi,Xj) > pe/\0 for i j and sup^^^ inf,-(i(x, x,) < p^/10. Such sequence exists because X is 
separable. Now set B, = B{Xi,pe) and define B, by the formula 


^ G^^\A)e-^ =: 

e=o e=o 


p < r < s < q. 


s,=s(.4)\U5(-4). 

j<i 
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where B {x,pe) = {j 6 X: d(x, y) < p^}. Note that for i 4^ j, B{Xi, n B(xj, = 0. 
Observe that for every k e N, 


sup #{J : d(xi,xj) < 2%} < sup 


V(x,2^^^p,) 


(3.23) 


< sup 


d(x,y)<l^pi 20 ^ 

V(y,2^^^Pe) 


y y(y^ fs) 


< C2*^”. 


Set Dpf = {{x, y) £ X xX : d(x, y) < pc). It is not difficult to see that 


(3.24) 




U 


(3.25) 


Bi X Bj c n4p,. 

\iJ:d{Xi,Xj)<2pi] 

Now let if/ £ C“(l/16,4) be a function such that \f/{A) = 1 for 4 e (1/8,3), and we decompose 
F^%^)f = Yj Pb\.'PF^%'^)]Pb/ 

i,j\ d(Xi,Xj)<2pt 

d{Xi,Xj)<2pt 

+ Y PBF^'\t^)Pj^/ = i + n + in. 


ij-. d{Xi,Xj)>2pi 

Estimate for I. Note that p < r < s < q. By Holder’s inequality 

i,j\d(Xi,Xj)<2pi i r.d{Xi,Xj)<2pt 

i j\d(Xi,Xj)<2pc 

-^Yj Z yiBit'~hPB-^fF^'^){t ^)Pb/\\\ 

i j-. d(Xi,Xj)<2pi 

c Y y{Bjr^-^-h{fF^'^){t vi)Pe/ii^ 


< 


< 


j 

< csup{y(v,p,)^(^-iV(x,p,)^(^^^li(«AF<'^)(t y WP^M 

xeX ^ 

(3.26) =Csup{y(x,p,)^(^^V(v,py^5)}||(«AF(^))(tVI)P5j|^^^}li/||^ 


xeX 


In Proposition 3.6 we assume suppF c [7?/2,7?]. To adjust the multipliers which we consider 
here to this requirement we write (i/rF^^^)(t a/T) = ELoCTp*- 4 2*-3)i/^F*^^^)(t VT) Now by Proposi¬ 
tion 3.6 for every £> A, 


\p-^q 


\\{fF^^^){t^)P B{x,pt) 

< y(x,p,)542'(‘^^>’(i-5)||d2«,-,(^F0(t-)|| 


W5“’+‘-* 


k=0 
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Next we note that it follows from (3.19) that 







Hence for = 0,1,..., 7, 




< 



WS“+*'‘ 




This gives 


for every t > A. On the other hand, for £ = 0, 1,2,3, we note that by Proposition 2.3 of [46], 
(Gp„, 2 ,:.) ^ (ST“ 2 ,^), and thus ^ CV(x,p,y-^o\\F\U. Since V(x,p) > Cp" 

for all V 6 X and p > 0, we have that 


^11 ^ 

f=l iJ:d(Xi,Xj)<2p( 


< 


+ 


3 

y sup {y(x,p,)^-V(v,p^)^3||(^pW)(^ VI)Pep,p,)|L„^ 2 } 

77T 


y sup{y(x,p/)* ~^V{x,pt)p VI)P e(x,pf)|| } 

vC V i T 


e=A 

(3.27) < Ct^-hGUy^, 

where y = n(l/p - 1/r) + n(l/5 - 1/^) + a + 1 + d and 6 = sn{llp - 1/r) + £n(l/5 - l/q). The last 
inequality follows from definition of Besov space. See e.g. [6, Chap. VI ]. By (3.22) 

ly^’' j with IIGlUr^ <CJiG||wA. 

where y = n(l/p - 1/r) + n(l/5' - 1/^) + cr + 1 + d, see again [6]. However, suppF c [1/4,4] so 
||G||wi8.i < ||F||iyp,i. Hence the forgoing estimates give 

(3.28) LHS of (3.27) < . 


Estimate of U. Repeat an argument leading up to (3.26), it is easy to see that 

II ^ P5,((l - f)F^^^){t ^)Ps/\\s < C sup ||((1 - f)F^^^)(,t ^)PBix,pdr^s\\f\\r 

i,j:d{xi,Xj)<2pe 

< C||((l-«A)i^<'^)(tVI)||.^.||/||„ 


where, for a fixed N, one has the uniform estimates 


|(^)yi-<A)T’('>)(T) 


< C,2-^^(l + |T|) 


-N 


li'f’llp(R)- 
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But Proposition 2.1 then implies that for every p < r < s < q, 

||((1 < ||((1 -<A)i^(^))(tVI)(l +tVI)"||.^J|(l + tVI)-“||^ 

< C2-^^t<-hF\\LqM.), 

whieh gives 

oo 

(3.29) ^ ||((1 - 

t-- 

Estimate of M. Note that 


^=0 


E = Ell E '’5/"’«'<C)f5/ll 

^ E( E \\PsE''’(‘’^)p 


i j: 


Reeall that G(A) = F( By the formula (3.19), it follows from an argument as in [46, Lemma 

4.3] that For all ^ = 0,1,2,... and all z,-, xj with d{xi, xj) > there exist some positive con¬ 

stants C,Cl, C 2 > 0 such that for po < r < s < p^. 


(3.30) 


5 Cllfj/ll. f 

%J —OO 

< exp( - C 2 ( 2 ^^ 


|0(2 -^t)G(t)|||P.c('-i)"'"P.||_ Jr, 


d(Xi,xj).^ 


)"'")l|i^llil|/’B/ll,-. 


which, together with the Cauchy-Schwarz inequality, yields 


i,J: d(Xi,Xj)>2^('+‘^>t 

< ^ exp(-C 2 ( 

i ;:rf(x,-,xy)>2«‘+=V 


d(Xi,Xj).^ 


2f 


< ct 




\\F\\l 


V ,/ 


< ||F||;!|/Ii;. 




s/r 


)'")l|fs,/lll 

/ (dixuXj).-^^. 

h ) 

i:d(Xi,Xj)>2f^^+‘^h 


Therefore, 


Ell E ^ 

{=0 iJ:d{Xi,xj)>2f^i+'^h 


Cl 2" 


llli Hr 


e=Q 


(3.31) 




Estimate (3.17) then follows from (3.21), (3.25), (3.27), (3.28), (3.29) and (3.31). This completes 
the proof of Theorem 3.7. □ 
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Remark 3.8. From the proof of Theorem 3.7, we can see that the result of 


mp\\F{t^)\\r^r<C 

t>Q 


in Theorem 3.7 (i.e., r = s in (3.17)j holds under the assumption that {X, d,p) satisfies the doubling 
condition (D) only. In this case, we do not need the assumption that V{x,p) > Cp'^ for all x £ X and 
p > 0. See also Theorem 4.2, [46]. 

The following corollary is a consequence of Theorem 3.7. 

Corollary 3.9. Suppose that there exists a constant C > 0 such that V(x,p) > Cp" for all x £ X and 
p > 0. Next assume that a non-negative self-adjoint operator L acting on l}{X) satisfies estimates 
(DGm) and (Gp^xm) far some I < po <2. Then (BR"^)/or or > -1 and po < p < q < p'^, implies 

l|s‘.(L)||„, < 

for all p < r < s < q andKcd > a + n{\lp - 1/r) + n{\l s - Ijq). 

In particular, i/(BRp^ holds for 


(3.32) 


/I 1\ /n+l+2a 20 - n+l+2a 

\pa qa] \ 2n n+r 2n 


then 

for all Pa < r < p'^ and 6 > n{\/pa - 1/2) - 1/2. 
Proof. Let F(A) = (1 - T'")^ and d = cr + It. We set 


F(A) = F(Afa(Afa + F(A)(1 - fiD) =: FfAfa + F2(T"), 


where / £ C“(R) is supported in {A : |/l| > 1/4} and / = 1 for all |/l| > 1/2. It is known that if 
0 < 5 < cr + 1, then (1 - |d|'")^ e IT-^’/R) with ||(1 - ^ for constants C, c > 0 

independent of see for example [8, Lemma 4.4]. This, in combination with Theorem 3.7, shows 


that 


supR"^' 

R>0 



< C 

r—^s 


for all for p < r < 5 < ^ and cr > a n(l/p - Ijr) n(\/s - 1 /q). On the other hand, we note that 
V(x,p) > Cp" for all X 6 X and p > 0. by Propositions 2.1 and 2.2 that for po < r < s < p^ and for 
N > mG/p-1/2), 


lli^i 



< 


( L \l 

.N/m 


1 - 1 

Rmj 


cpfafa. 



r—*s 


This proves (BRfj,j^). 

Now assume (3.32). It follows that ||S^( VL)||p^_,p^ < C for Red > cr + n{l/pa - l/qa) = 
nfi^/Pa - 1/2) - 1/2. By duality and interpolation, (BRf^^^) holds for all Pa < r < p'^ and 6 > 
nfil/Pa- 1/2) - 1 /2. The proof is complete. □ 
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3.3 Estimates for the Bochner-Riesz means with negative index 

In previous section in Corollary 3.9 we prove that one can narrow the gap between p and q in 
condition (BR^q^) by increasing the order of Bochner-Riesz means a. In this section we describe 
relation between various (BR^^ of a different nature. This time the argument is based on T*T type 
argument and Stein’s complex interpolation. The heart of the matter in our discussion is the fact 
that Stein-Tomas restriction estimate is essentially equivalent with the full description of U U 
mapping properties of Bochner-Riesz means of order 1 /2. 

Given some 1 < p < 2, we set 


n -I- 1 -I- 2a 


B{p) = 


n + \ + 2a 


In 


+ a ■ 



2n 

2a 

n-\- 1 -\-2a 

P 

2n 

11 

n -V 1 -\-2a 


Dip) 


\P 

1 2a 1 

2 P 2 


A' 


n - 1 - 2a 


,0 , 


B'ip) = 
C'ip) = 
D'ip) = 


2n 

n - 1 - 2a 2a 


2n j 
n - 1 - 2a 1 

2n ’ p 


a -I- 


n - 1 - 2a 


2n 


1 1 


2a 


-a+ — 

2 2 p 


Denote by Aq.(p, n) the open pentagon with vertices A, Bip), B'ip), A' and (1,0). Namely, 


f/1 ^ ^ , . /I 1 1 2a + 1 2a 1 1 

A,,(p,n) = ( 6(0, l)x(0 ,1) : mm(----, a -<- 

[\r s) 2 2 2n p r s 

We are now in position to state our next result. 

Theorem 3.10. Suppose that there exists a constant C > 0 such that C~^p" < Vix,p) < Cp'^ for all 
X 6 A and p > 0. Next assume that a non-negative self-adjoint operator L acting on L^iX) satisfies 
estimates (DGm) and iGp^xm) far some 1 < po < 2 and (BRpp, j^) holds for some po < p <2. 

if each of the following conditions holds: 

(1) a > nil/p - 1/2) - 1/2, po < r < s < p'^, r < q„ and q'^ < s where q^ = maxjl, 

(2) nil/p - 1/2) - 1/2 > a > 0, Po < r < s < p'q, (1/r, I/ 5 ) 6 Aaip,n) and (1/r, I/ 5 ) is strictly 
below the lines joining the point il 12, 1/2) to Cip) and C'ip). 


(3) -1/2 < a < 0, Po < r < s < p'q, il/r, l/s) 6 Aaip,n) and (1/r, I/ 5 ) is strictly below the lines 
joining Dip) to Cip); Dip) to D'ip) and D'ip) to C'ip). 

(4) -1 < a < -1/2, Pq < r < s < p'q, a - Y < \ r < q'^ and qa < s, where l/q^ = 
1 -I- a - (2a -I- l)/p. 


The proof of Theorem 3.10 is based on the following interpolation result. 

Lemma 3.11. Suppose that there exists a constant C > 0 such that Vix, r) > Cr" for all x £ X and 
r > 0. Next assume that a non-negative self-adjoint operator L acting on faiX) satisfies estimates 
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(DGm) and (Gp^xm) far some I < po < 2 and (BRpi q^ m) holds far some 6 i,pi,qi,i = 1,2 such that 
Po < Pi < qi < p'p and ^ “ ^)- Then far every 6 6 (0,1), 

^>0 

holds far a > 60 = 66 i + {I - 6)62 and 

\ _ e \-e \ _ e \-e 

Pe Pi Pi qe qi qi 

Proof. By Lemma 3.2 and Corollary 3.9 for any Re d > d, 

A>0 

for i = 1,2. The proof then follows from Stein’s classical complex interpolation theorem [49] for 
analytic families of operators. □ 

Proof of Theorem 3.10. We first show that for all n(l Ip - I /2) - l/2>Qr>-l/2 and every e > 0, 
(BR;1^^^) holds for (1/r, 1/^) = C{p) = (2, . 

Indeed we assume that L satisfies condition (BR^j,, for some po < p < 2. By Lemma 3.2 
estimate (BR^^ j^) holds for all po < ^ P ^ p' < Po- Next by Corollary 3.9 

<CA^^"-y\ A>0 

for all e > 0. By rr* argument, 

(3.33) VL)Hj ^2 = < CA^<-^\ 

Now by Corollary 3.9 for every £ > 0, 

where q = This proves estimate (BR“+f^) for (1/r, I/ 5 ) = C{p) = (2, . 

Now point (2) follows from the above observation, straightforward fa estimates for cr = 0 (that 
is ||S°( VL)|| 2^2 ^ 1), duality and Lemmas 3.2 and 3.11. The proof of point (1) is simple adjustment 
of the above argument based on the fact that in virtue of Lemma 3.3 for any po < Pi < P 2 < 2 
condition (BR-^p, implies (BR'/p, ^). 

Interpolation using Lemma 3.11 between (3.33) and fa estimates ||S°( VL)|| 2^2 < 1 yields 

(3.34) ||Sr(VI)/||2 < CA<-hf\\r 

for 2 = I + Y - y and -2 < a < 0, which means that (BR“|m) holds for (1/r, I/ 5 ) = D{p) = 

(i + 2 q; _ 2q; 1 ) 

(2 2 p’2)- 

Now point (3) is a consequence of estimates (BR"/"^) for (1/r, l/i') = D(p)and(l/r, 1 / 5 ) = C(p), 
the Riesz-Thorin theorem (or Lemma 3.11), duality and Lemma 3.2. 

Since (BR"^^) holds for (1/r, I/ 5 ) = C(p) and a = -1/2, we can apply the argument simi¬ 
lar to the discussion described above and assumption (BRpj,, ^) to obtain point (4). The proof of 
Theorem 3.10 is end. □ 
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Remark 3.12. It follows from Lemma 3.2 that if the operator L satisfies the Gaussian upper bounds 
(GEm) and condition (BRpp, ^ for some I < p <2, then restriction po < r < s < p'^ can be removed 
from all points (l)-(4) and set A^ip, n) can be replaced by 


Aaip, n) 


[(i,i)e[0,l]x[0,l]: 


2q' + 1 2 a 1 r 

—-, a -<- 

2 n p r s j 


Remark 3.13. Note also that if we know that 




then by interpolation, we can further extend the range ofr and s in point (4) to obtain essentially the 
same optimal results as in the case of the standard Laplace operator. 


4 Uniform Sobolev inequalities for elliptic operators with con¬ 
stant coefficients 


In this section we will consider LF IF uniform boundedness of the resolvent of the higher order 
elliptic differential operators. Let n > 2 and Pifi) be the real homogeneous elliptic polynomial of 
order m > 2 on R” satisfying the following non-degenerate condition: 


(4.1) 


det 


d 






4 0 , 


J ' nxn 


f 4 0, 


which is equivalent to the fact that hypersurface 


(4.2) 


E = {^6R"; ITOI = 1}, 


has nonzero Gaussian curvature everywhere, see [12, 50]. Without loss of generality, we may assume 
that P{^) > 0 for all ^ 7^ 0. 

Throughout this section we always assume that Hq := P(D), where D = -i(di, ..., d,,) and P{D) 
is the nonnegative self-adjoint operator associated with the elliptic polynomial P(f) on L^(R") and 
that P satisfies conditions (4.1) and (4.2). 

In our next results we will show that the operator (Hq - z)“" can be defined for all values of z 6 C 
including z > 0 by taking limits from upper or lower half-plane gives different operators if cr > 0, 
see (4.18) below. Hence it is convenient to introduce notation C*. If z is not a positive real, then this 
coincides with the standard complex numbers. For z = 4 > 0 we consider two possibilities A + iO or 
A - iO. The topology of C* again coincides with topology of C except of set consisting of 4 -l- iO or 
4 - iO where the limit can be only taken from the corresponding upper and lower half-planes. 

The following statement is our main result in this section. 


Theorem 4.1. Let n > 2, m > 2 and z e C. Consider arbitrary auxiliary cutoff function f such 
that ifj e Cj]°(R), i/f(5) = I if s ^ [-2,2] and f is supported in the interval [-4,4]. Assume that 
1/2 < a < (n + l)/2 for n > 3 and 0 < cr < 3/2 for n = 2. Suppose also that exponents (p, q) satisfy 
the following conditions: 


(4.3) 


mini — 


1 1 
2 ’ 2 


1 ) 

2 n 
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(4.4) 


2 a 



< 


n + \ 


Then there exists positive constants Cp^q independent of \z\ such that 


(4.5) 


II (Ho - zr HHo/lzDWp^q < Cp,q Izl^^ Vz 6 cn {0}. 


Moreover, for the same range of a and exponents (p, q) the corresponding Bochner-Riesz means of 


order -a, S defined for all A> 0 and satisfies similar estimates 

(4.6) \\ST(Ho)\\p^,<Cp,qA^^^-r--^^-f A>0. 

Next assume in addition that ma > n or that 4 - ^ < p I and qi^ oo for ma < n. 


Then 



/or a//z 6 C*\{0}. 

Proof We only discuss the case ma < n. The other cases are similar or simpler. We begin our 
discussion with verifying estimates (4.5) and (4.7) and postpone considering the operator S"(//o) to 
the end of proof. Set z = re‘^ with r > 0. If d < |0| < tt for some d > 0, then the operator is 

a standard constant coefficient pseudo-differential operator of order -am with a symbol (/’(/)-e'®)“". 
Hence resolvent estimate (4.7) follows from the standard Sobolev estimates and a scaling argument 
in r. A similar argument shows that for any p < q the multiplier {Hq - e^^Y "is bounded as 
as operator from U to U. Thus we can assume that 0 < |0| < d and by symmetry it is enough to 
consider only the case Imz > 0. 

We write z = (d -l- iAeY for d > 0 and 0 < e << 1. Since |z| ~ d'", by homogeneity, it suffices 
to estimate {Hq - (1 -i- ie)Y“ and {Hq - (1 -i- is)Y“fi{HQ) for 0 < e << 1. Let be the convolution 
kernel of {Hq - (1 -i- is)Y°'. By the inverse Fourier transform 


- (1 + ieYT]. 


Note that = Ki + K 2 , where 


/(flm(^)) 


Ki = T-\ 


) 


{P{f) - (1 + isYY 


and 


1 - /(/’'/”'(/)) 


K2 = T-\ 


)■ 


(TO - (1 + isYT 


It is clear that to show (4.5) and (4.7) it is enough to verify that Ki satisfies (4.5), whereas (4.7) holds 
for K 2 . 

Estimate {A.l)for K 2 . To estimate K 2 we note for any cr > 0 it is symbol of order -ma that is 



ma-n-N 


for any A e N and by Young’s inequality and interpolation 

l|i^2*/ll,<TO||/||^ 


Hence \K2{x)\ < Cn \x\ 
(4.8) 
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for all (p, q) satisfying 0 < ^ - ^ < and (p, ^ oo), (1, ^). 

Estimate (4.5) for Ki. To estimate Ki we use the stationary phase prineiple. We write 

^ Jr" - 1 - Jo (s - 1- ie)“ ( X |V/’(m)|) 

where f(s) = if(s)(s'”~^ + s"’~^(l + is) + ... + (1 + 

Note that Ei is the Fourier transform of eompaetly supported distribution ineluding taking limits 
with s goes to +0 so |^i(x)| < C for all |j£:| < 1. To handle the remaining ease |j£:| > 1, we reeall the 
following stationary phase formula for the Fourier transform of a smooth measure on hypersurface Z 


(4.10) 


I 


e‘y‘^doj 


|VF(m)| 

where for say |y| > 1 /4, the coefficients satisfy 




(4.11) 




+ 


qP 

-^c.iy) < CJyr^l, f 6 No. 


and (p+iy) = (y, m+(y)) are smooth homogeneous function of degree one. Here co+iy) are the two 
points of Z such that +|Z are the positive normal direction of Z at these points. Thus by (4.9) and 
(4.10) 


KAx) 


y r” s''-^f(s) 

V Jo (5 - 1 - W 


[\sx\-"^c^(sx)e^^^^-^^^)ds 


(4.12) 

where 


= ^ W>l/4, 


^"(•^)= f 

%J—o 


(s + l)" 2 'f(s + 1) 


C±((5 + l)x)e-‘^^^^^^ds. 


(s - is)" 

Note that the function 5 (^ + 1)^ ip(s + l)c±((5 ' + 1)a:) is smooth and compactly supported so it is 

easy to check that 

\^b-,(x)\<Cp\x\“*^^-\ \x\>\l4 

uniformly in £ > 0. 

Hence in view of (4.12), we can further smoothly decompose K\(x) = K'(x) + K"(x) in such a 
way that supp K' c 5(0,1) (the unit ball of W’), |^'(a:)| < C for all x and K" can be expressed as 

K''(x) = Yj 
± 

where a+ e C“(IR") satisfy a±(x) = 0 for \x\ <1/2 and \d^a±(x)\ < Cf\x\~^^ for any fS e Nq. By 
Young’s inequality 


(4.13) 

for all 1 < p < ^ < oo. 
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To estimate K", we note that by the assumption a < (n + l)/2 and |^"(jc)| < (1 + Ul) 
Hence 


(4.14) WK" * f\\, < CWfWp 

for all {p, q) satisfying that < 4 - 1 < 1 but (p, ^ (1, «))■ However this 

argument does not give the whole range of pairs (p, q) for which (4.14) holds. It is possible to extend 
it by making use of the oscillatory factor in the integral operator 


K" * fix) = 



U - yr"'^^"a^ix - f{y)dy. 


In fact, under the assumption that S has nonzero Gaussian curvature everywhere, the phase function 
4>±ix-y) satisfies the so-called nXn-Carleson-Sjolin conditions, see [48, p.69] or [50, p.392]. Hence 
the celebrated Carleson-Sjolin argument can be used to estimate K” * /. 

Let jS(5) 6 C“(R) be a such function that supp yS 6 [4,2] and 2“/3(2“^5’) = 1 for 5 > 1/2. Set 
K';ix) = yS(2-^|v|)i^"(v) for alU = 0,1,2,... so 


oo 

K"*fix) = J]iK''*f)ix), 

{=0 

where 

K" * fix) := r |x - yr'^"'“;S(2“V - y|)a±((x - y))e-'^^^'‘~^'^fiy)dy. 

Jr" 

Put d = 2^. By homogeneity 

iK''* f)iAx) = A"-^ f wix - y)e^^‘^-^^-y^fiAy)dy, 

Jr" 

where w(x) = \x\~"~^[5i\x\)a+iAx)) 6 C“(R" \ 0) satisfying |5"w(x)| < Ca for any a. Now we can 
apply Carleson-Sojlin argument, see [48, p.69] or [50, p.392], to conclude that 

\\K'; * /II, < d = 2^ ^ = 0,1,..., 

(4.15) lir'*/ll,<C|i/||^, 

where <? = 1 < p < 2n/in-l +2a) for all a > 1/2 if n > 3 and a > 0 if n = 2. By interpolation 

between (4.14) and (4.15) 

(4.16) lir'*/ll,<C||/|i^ 

for all ip, q) such that < 4 - 1 < 1 and 

1 1 
P 2 

Therefore (4.8), (4.13) together with (4.16) yield estimate (4.7). 


min^ 


1 _ K 2a- 1 
’2 q' 2n 
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Next we consider Bochner-Riesz mean operator = f(i^ homogeneity we 

can set /I = 1. Note also that 

(x + iOf = x‘l + 
so 

(4.17) - iO)-" - e-'^“{x + iOT" = li sin(;rcr)x:“ = li sin(;ra)r(l - a)x~J' = 2in—. 

Y{a) 

Employing analytic continuation shows that (4.17) is valid for all a £ C, see also [36, (3.2.11)]. By 
(4.17) 


S~^(H ) v~^(\ _ h! ^ 

2in ^ = 2in ^ ^ ~ iO)"" - (Ho - 1 + «0)““ 

r(Q') r(Q') 

= (Ho - 1 - /0)-“ <A(Ho) - (Ho - 1 + i0)-“ (A(Ho). 

Hence we obtain estimate (4.6) as a direct consequence of (4.5). This ends the proof of Theorem 4.1. 

□ 


For O' = 1 the formula (4.17) simplifies to following relation 

^(^ + /0)-i -{A- /O)-' = do, 

2m 

see [36, Example 3.1.13]. Then the above relation in turn implies the well-known absorption princi¬ 
ple which connects the spectral projections dEn^iA) and the resolvent Rq{z) = (Ho - z)“^ 

(4.18) dEnM)! = ;^(^o(d + /O) - - mf- 

Im 

We will use the case or = 1 of Theorem 4.1 and (4.18) to investigate the spectral resolution 
of Schrodinger type operators H = P{D) + V with integrable potentials V, see Section 5 below. 
Therefore we summarise this particular case of Theorem 4.1 in the following corollary. 


Corollary 4.2. Suppose that n > 2, m > 2 and the operator Hq satisfies the assumptions of Theo¬ 
rem 4. L Then 


(4.19) 

for all exponents (p, q) such that 


\\dEHM)\\p^q<C d>0 


1 1 1 


mrn 


r 2 q 


1 a 2 .1 K 

- >— and --<-. 

q' 2n n + I ^p q' 


Next assume in addition that m > n or that p 4 \ and q 4 oo for m < n. 

Then 


ll^o(z)ll 


p^q 


n / \ 1 \ 1 

< C \z\"' p 


(4.20) 

/or a//z 6 C*\(0}. 
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Note that for any natural number k sN the operator Hq = (-A)^ satisfies assumptions of Theo¬ 
rem 4.1 so all the estimates of the statement hold for poly-harmonic operators. In the case - - - = ^ 
and resolvent (z-l- A)“\ which corresponds to the operator Hq = -A, a = 1 and n > 3, estimate (4.20) 
from Corollary 4.2 was obtained by Kenig, Ruiz and Sogge in [39]. (In fact, they were able to prove 
such a uniform estimate for a larger class of operators, where the standard Laplace operator A was re¬ 
placed by a homogeneous second order constant coefficient differential operator, non-degenerate but 
not necessarily elliptic). In the setting of the Laplace operator on asymptotically conic non-trapping 
manifolds estimates (4.20) were obtained by Guillarmou and Hassell in [32]. For other results of 
this type see also [34] and the references within. 

The classical Bochner-Riesz means operators S ]"“(-A) with a negative index -a corresponding 
to the standard Laplace operator have been studied by many authors, see for example [3, 7, 13, 34] 
and references therein. 


5 Restriction type estimates for Schrodinger operators P(D) + V 

In this section we will establish U U estimates for the perturbed resolvent Rh{z) = (z - H)~^ for 
any zi^ 0, where H ■= Hq + V = P{D) -l- V is a self-adjoint operator with the real valued potential 
V. For simplicity we assume that V > 0 belong to Lj^^(R"). Then it is well-known that the operator 
H can be defined as a self-adjoint extension by the following non-negative closed form 

(5.1) Qv(f)-= f P(Olf(a"d^+ f V\f\^dx 

Jr" Jr" 

for all / e VF'”’^(R”) such that f V\f^dx < oo. 

In order to obtain the estimates for the resolvent Ruiz) = (z - 7/)“\ a crucial step will be to pass 
from (4.20) to a similar estimate for H by writing the standard perturbation formula: 

(5.2) RH{z)f = Ro(z)(/ + Vi?o(z))-'/, Imz ^ 0. 

In the next step we will study the boundary resolvent R//(/l + zO) and by Stone’s formula 

(5.3) dEH{X)f = ^XRnid + zO) - Rh{A - iO))/ 

2m 

deduce restriction type estimates for the spectral projection measure dEuiA). Using the notation 
C* introduced at the beginning of section 4 for d > 0 and z = d g C* we always assume that 
Rh{z) = Rh{A + zO). We first verify the following lemma. 

Lemma 5.1. Suppose n > 2, m > 2 and that Hq satisfies assumptions of Theorem 4.L Assume also 
that exponents (p, q) satisfy all conditions listed in Corolary 4.2, ^ = - - - and that 0 < V £ L''(R"). 
Then 

(5.4) \\VRq{z)\\p^p < CIIVII, Vz 6 e \ [0]. 

Proof. Let My be the multiplication operator defined by Myf = V(x)f(x). Then by Holder’s in¬ 
equality \\My\\g^p < ||y|ir and by Corollary 4.2 

\\VRq(z)\\p^P < \\My\\g^p\\RQ(z)\\p^g < QWWr Z 6 C* \ jO}. 


□ 
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Assume now that the exponent p satisfies the relation max^^, \^ < p < Note that then 

the pair {p,p') satisfies all eonditions from Corollary 4.2. This yields the following eorollary. 

Corollary 5.2. Suppose again that n > 2, m > 2, Hq satisfies assumptions of Theorem 4.1 and that 
0 < y e Lr^ (R”) n L'*(R”) where s = max 1 j. Then there exists a constant C > 0 such that 

(5.5) iiy^o(z)iip^;, < c vz 6 e \ {O} 

forallmax(^,\)<p<^-^. 

In particular, there exists a constant d > 0 such that the operator I + VRq(z) is invertible on 
UIW) and 

(5.6) sup||(/+y7?o(z))-'llp^;,<C. 

|z|>(5 

for a// z 6 C* n { |z| > d }. 


Proof We only diseuss the ease m > n beeause the proof for the ease m < n is similar. In the 
eonsidered situation — < p < so if we set - = - - 4, then - < r < ^. Henee by Lemma 5.1 

n+m ^ n+3 r p p' ^ m 2 


\\VRo(z)\\n^n < C\\V\\ 


|z|mV 


7)-l 


^ c\\v\\U,i, 


1 

n/m 


n 1 1 

® IzI^C 7 


)-l 


vz 6 e \ {0}, 


where 9 = (- - f - -)/(-^ - -). Note that 

^p p' n '' ^n+l n' 


li^ll?n+l)/2ll^iK ^ (1 + ll^li(n+l)/2)(l + WWn/m), 


henee there exists a eonstant C depending on n, m, V sueh that estimate (5.5) holds. 

Next we verify estimate (5.6). Note that ^(^-y)-l<0so there exists a eonstant d > 0 sueh 
that ||y7?o(z)llp^p < 5 for all |zi > d. By the standard Neumann series argument the last estimate 
yields 11(1+ y7?o(z))-i||p^p< 2. □ 


In order to use Corollary 5.2 to establish the L^-estimates of the speetral projeetions measure 
dEnid), we need the following lemma essentially due to Hormander [36, Chapter 14]. 

Lemma 5.3. Let 0 < V e L“(R") with compact support. Then the equality 

(5.7) {RhW, g) = {Roizfil + y^o(z))“7, ^ e ^(R") 

holds for a// z G C* \ ({0} U A), where A is the set of positive discrete eigenvalues ofH = P{D) + V. In 
particular, the functions on the both sides of (5.7) are continuous on z & C- \ ({0} U A) and analytic 
in its interior. 

Proof. The potential V is a bounded and eompaetly supported funetion so it is the short range per¬ 
turbation of P(D), see Hormander [36, page 246 of Chapter 14]. Therefore, the equality (5.7) imme¬ 
diately follows from Hormander [36, Theorem 14.5.4 of Seetion 14.5]. □ 

Remark 5.4. The set A is the point spectrum of H with the finite multiplicity, which is discretely 
embed into positive real line. It would be interesting to show that A is empty for general higher 
order elliptic operator P(D) -l- V. In the case of second order operators, the absence of positive 
eigenvalues has been studied in depth by many authors and confirmed for potential with decay of 
the order o( 1 /|x|) and some integrable class, see e.g. Hormander [ 36, Chapter 14], Koch and Tataru 
[40] and references therein. 
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Proposition 5.5. Under the assumptions of Corollary 5.2 there exists a constant 5 > 0 such that 

(5.8) \\Rh{z)\\p^p' < c z 6 e n {Izl > 5 } 

and 

(5.9) \\dEH{X)\\p-,p’<c;u^^-^-y^-\ A>6 
/ora//max(^,l) <p < 

Proof It suffices to prove estimate (5.8) for large |z| > 6 sinee estimates (5.9) immediately follow 
from (5.8) by Stone’s formula (5.3). Similarly, we only diseuss the ease m > n. Given ^ < p < 
then V 6 U(W) with ^ 6 (^, ^). In order to obtain (5.8), we need to establish equality 

(5.7) for |z| > d as 0 < y 6 Firstly, we ean take a monotonieally inereasing sequenee of 

0 < Vk & LU with eompaet support sueh that Vk(x) eonverges to V(x) as k ^ 00 in both pointwise 
and U norm sense. By Lemma 5.3 for every k 

( 5 . 10 ) {RHfz)f, g) = {Ro(z)(i + VkRo(z)r^f,g), f,g& ym 

for all z 6 C* \ ({0} U A^.), where Ak is the point speetrum of the operator Hk = P{D) + Vk- Note that 
llVjtllr < l|y|lr for every k so by Corollary 5.2 the estimates ||(/ + VkRo(.z))~^\\p-p < C hold uniformly 
for all |z| > 6, whieh implies that the set |z| > S has no eigenvalues of Hk (i.e. A^. n { |z| > d } is an 
empty set). Indeed, if d e A^. and A > 6, then there is a 0 gk & sueh that 

(A - Hk)gk = (A- P(D) - Vk)gk = 0. 

Set fk = Vkgk- Then gk = ^o(d + iU)fk and (7 + VkRo(A + i0))fk = 0. Note that fki^O and it belongs 
to LP(R") by Holder’s inequality. This eontradiets the existenee of inverse (7 + VkRo{A + zO))"' as 
bounded operator on U(W). Thus equality (5.10) aetually holds on C* n { |z| > d }, the both sides 
of whieh are analytie on the interior of C* n { |z| > d } and eontinuous up to their boundary. 

Now we ean extend the argument above to a general potential 0 < V 6 L'' by taking limit in 
equality (5.10). Note that for |z| > d, 

(7 + y,7?o(z))-' - (7 + y7?o(z))-' = (7 + VkRo{z))-\{Vk - y)7?o(z))(/ + T7?o(z))-'. 

By Corollary 5.2 

11(7 + y,7?o(z))-' - (7 + VRo{z))-X-p < C\\Vk - Vll,. ^ 0 

as k ^ 00 . Henee the left side of (5.10) eonverges uniformly to {Ro(z)(I + VRo(z)X f, g) on any 
eompaet subset A of C* n {|z| > d } and the funetion z ^ <7?o(z)(7 + VRo(z)X f, g) is eontinuous on 
the set C* n { |z| > d } and analytie in its interior. On the other hand, for any k we define the elosed 
forms Qvi^ assoeiated with Hk = P{D) + Vk by 

(5.11) Qvff)-= f P(f)imX^+ f Vk\fUx, /6iy-’2(r). 

Jr" Jr" 

Then sinee the inereasing sequenee of nonnegative forms Qvff) monotonieally eonverges to the 
form Qv(f) defined in (5.1), so by Kato [38, Theorem 3.13a] it follows that (7?//j(z)/,g) eonverges 
to (7?//(z)/,g) for eaeh Rez < 0. Henee on the eommon domain C* n { Rez < -d } 

(5.12) {RH(z)f,g) = (7?o(z)(7 + VRo(z)Xf,g), f,g€ ^(R"). 

Note that both side of (5.12) extend analytieally into the interior of C* n { |z| > d ), so by the 
uniqueness of analytie funetion extension equality (5.12) holds on C* n { |z| > d }. Thus estimate 

(5.8) follows from estimates (4.20) and (5.6). □ 
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If m < n and the L™ norm of potential V is small then we ean extend Proposition 5.5 to a 
small values of frequeney A. The proof is based on the uniform Sobolev ^ U estimates of 
the free resolvent 7?o(z), whieh yields the required estimates for pairs {p, q) on the Sobolev line 
^ IP - ^ Iq = m/n. 


Proposition 5.6. Suppose that n > 2, m > 2, Hq satisfies assumptions of Theorem 4.1 and that 
0 < y e There exists a constant cq > 0 such that when \\V\\± < co, then 


(5.13) 
and 

(5.14) 
for all 

(5.15) 


WRump^p' < C Vz e e \ {0} 

\\dEH{A)\\p^p. < C d>0 


2n 

n + m 


< p < min 


2(n + 1) n 
n + 3 ’ m 


Proof If p satisfies eondition (5.15), then there exists ^ > 1 such that the pair {p,q) lies on the 
Sobolev line ^ f and \ > This means that all conditions for exponents {p,q) listed in 
Corollary 4.2 hold. Hence by Lemma 5.1 

\\VRo(z)\\p^p<C\\V^, VzGCniO}. 

Setting Co = C in the above estimate ensures that ||yi?o(z)llp-»p < \ and 

sup||(/ + y7?o(z))-'||;,^;,<2. 

|z|>0 

Now the estimates (5.13) and (5.14) follows from (5.2) and Stone’s formula (5.3). □ 

In Theorem 5.8 below we shall extend estimates (5.15) to the large range \ < p < min^^^^^, 

In particular, if m = 2,n > 3, this range is optimal and coincides with one described in Corollary 
4.2. The argument we use is based on Lemmas 3.3 and 5.7 below. 

Lemma 5.7. Assume that n>m> 2, H = Hq + V for a potential 0 < V 6 L|'^^(R") and that 
Hq = P{D) satisfies the assumptions of Theorem 4.1. There exists a constant Cq > 0 such that if 

.y€R« Jr" |x - yr ^ 

then estimate 

(5.16) \\il + tHyX^,<Cp^fi-^-^-^--^\ t>0 

holds for all pairs (p, q) such that 0 < lip - 1/q < m/n. Moreover, for k £N large enough 

(5.17) \\{l + tH)Xp^q<Cu,p,y--^"-"\ t>0 
hold for all 1 < p < q < co. 
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Proof. We first prove that 


( 5 . 18 ) \mi + tP{D)r'\\i^i<\- 

Note that 


Since the fundamental 




solution of P{D) 


< \\VP{D)-%^,\\tP{D){l + tP(D))-i||i^i 

< ci|yp(D)->iii^i. 

is bounded by so 


\\VP(,Dr%^r<C sup 

yeV 



|V(^)I 

a: - yl"-”* 


dx. 


Thus when cq is enough small then (5.18) holds. 

Next we prove estimates (5.16). Taking adjoint and using interpolation we reduce the proof to 
the case p = 1. By (5.18) and Neumann series argument 

||(/ + ty(/ + tP(Z))-‘))”'||^ ^<2. 

Writing the standard perturbation formula in our notation yields 

(/ + tH)-^ = (7 + tPiD))-^[l + tVil + tP(D)-'))“^ 
for all t > 0. Hence if 0 < I - l/q < m/n, then it follows from the Sobolev embedding that 

11(7 + t77)-'||i^, < 2 ||7 + tP(Dr%^, < 

To verify estimate (5.17) we note that by (5.16) for any k 6 N, 

11(7 + < C 


for all 1 < p < oo. It follows from an interpolation argument that it suffices to show that for k 6 N 
large enough 

11(7 + t77)-*^lli^oo < cr^, t>0. 

To prove the above relation we iterate k-times the resolvent (7 + Choose k g N such that 

0 < I < m/n. Let pi = 1 and for each 1 < i < k we define by putting 1/p; - l/p,+i = j. Note 
that = oo. By estimate (5.16) 


ko 

11(7 + t77)-'<'||,^^ < Y] ll(/ + < cr^, t > 0. 

1=1 

This concludes the proof of Lemma 5.7. □ 

The following result is a consequence of Lemma 5.7. 
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Theorem 5.8. Assume that n > m > 2, H = Hq + V for a potential 0 < V 6 and that 

Hq = P{D) satisfies the assumptions of Theorem 4.1. There exists a small constant cq > 0 such that 

if 


(5.19) 


llVIli + sup 



Vjx) 

X - 


dx < Co, 


then the estimate 

(5.20) \\dEHiA)\\p_p> < C A>0 


holds for all \ < p < ^'j. 

Proof. This is a consequence of Proposition 5.6, Lemma 3.3 and Lemma 5.7. □ 

Remark 5.9. Ifm = 2 and n> 3 (for example H = -A + V), then hence we obtain almost 

the optimal range 1 < p < for estimate (5.20). The endpoint estimate, p = can also be 
verified by the following resolvent estimate: 


(QiD)-zr' 


2(n+l) 


< C lz| '■+! , 


vz 6 e \ {0}, 


where Q(D) is any second order homogeneous elliptic operator, see e.g. Stein [49, page 370]. 


6 Applications 

As an illustration of our results we will discuss a class of possible applications, which include m-th 
order elliptic operators with some positive potentials and Schrodinger operator with the inverse- 
square potential. 


6.1 Higher order elliptic operators with potentials 


In this subsection, we show Hormander-type spectral multiplier theorem for elliptic m-th order op¬ 
erators perturbed by potentials. Our discussion requires the following lemma. 

Lemma 6.1. Let P(D) be a positive elliptic m-th order homogeneous operator and 0 < V 6 L|’^^(R") 
be a potential. Then the semigroup e~'^ generated by PI = P{D) -l- V satisfies the m-th order Davies- 
Gaffney estimates, that is, there exist constants c, C > 0 such that for all t > 0 and all x, y £ R”, 


( 6 . 1 ) 


PB(y,tV'«)\\2^2 ^ C CXp 


-C 


• 3^1 


■^Xjm 




Proof. The proof of (6.1) is based on the ideas of Barbatis, Davies [5] and Dungey [26]. Consider 
the set of linear functions R” ^ R of the form if/{x) = a ■ x, where a = {a\,... ,a,[) ^ Then 
for d 6 R we consider the conjugated operator 


= e-^'^He^f' = P,^(D) + V, 

where Pa,p{D) = e~^'i'P(D)e'^'i' = P(D - iAa). Note that V > 0, then there exists some constant Jo > 0 
such that 

Re<//,^/,/) > Re<P,^(D)/,/) > -d^X^\\f\\l. 
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Let ft = for / e Then 

j^WfWl = -{HA^f,f)-{f,H,^f) 

= -2Ro{H,^f,f)<2dor\\f\\l 

which implies that 

( 6 . 2 ) \\e-‘^'^^f\\2 < 

Note that e~'^. We get that 

lk-'‘^exp(-t//)e"^||2^2 < 

Now we consider a = {a\,a 2 ,a-i) 6 S"~^ such that - ifj{y) = \x - jl. Then 

Up ,, p-‘^P u II < ^.c2'"f-2(|x-y|-2f‘/"') 

Taking infimum over A in the above inequality, we obtain estimate (6.1). □ 

Remark 6.2. Let H = P{D) + V with 0 < V 6 Lj^^(R”). Ifm > n or m = 2, then it is well-known that 
the semigroup e^'^ satisfies the Gaussian estimates (GEm) 

(6.3) IPr(.*:,y)l < Cr^ exp( - c( ^'^ 

for some C, c > 0. On the other hand, if A < m < n, then generally, the Gaussian bound ofe~'^ may 
fail to hold. For these results and further details, see [21 ], [24] and therein references. 

We are now able to state some results describing spectral multipliers for m-th order elliptic oper¬ 
ators with positive potentials E on R". As above, let H = P{D) -l- V and 0 < E e Lj^^(R"). If n < m, 
then by Remark 6.2, the Gaussian estimate (6.3) holds , which immediately implies Davies-Gaffney 
estimate (6.1) and condition (DG^), see Section 2. Hence it follows from point (i) of Proposition 2.2 
that for any 1 < p < 2, the spectral multiplier operator F{H) is bounded on L^(R") for all p < ^ < p' 
if a bounded Borel function F : [0, oo) ^ C satisfies sup^^o \\p 5tF\\ck < oo for some k > n{\ [p - \ [2) 
and some non-zero auxiliary function p s C“(0, oo). In particular, as p = 1, this exactly corresponds 
to a spectral multiplier version of the classical Mikhlin theorem. However, for the cases n > m, we 
need to impose a non-degenerate condition (4.1) on P(^). Now based on estimate (5.20) and Davies- 
Gaffney estimate (6.1), the following Hormander type spectral multipliers result for FI = P{D) -l- E 
holds. 


Theorem 6.3. Suppose that n > m > 2, Hq = P(D) satisfies the assumptions of Theorem 4.1 and 
that 0 < E e L™(R"). There exists a small constant co > 0 such that if 


(6.4) 


||E|U + sup 

yeR" 



Vjx) 

X - yl"-'" 


dx < Co, 


then for any 1 < p < min ^ (^nd any bounded Borel function F : [0, oo) ^ C satisfying 

suPf>o ||? 7 d,F||iya ,2 < oo for a > n(l/p - 1/2), the operator F(H) is bounded on LA(W) for all 
p < q < p'. In addition. 


||F(iy)||^^^ < C„sup||pdjF||w<^,2. 

t>0 
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Proof. Note that n{l/p - 1/2) >1/2 for all p above, henee by Theorem 5.8 and Lemma 6.1, Theo¬ 
rem 6.3 follows from point (ii) of Proposition 2.2. See also [46, Theorem 5.1]. □ 

Note that for any 1 < p < 2, the funetion (1 - 6 vP”^Lp-i/ 2),2 |f q, > _ 1 /2) - 1 /2. Henee 

as a eorollary, we can apply Theorem 6.3 to discuss the bounds of Bochner-Riesz means Sp(H) 
where H = P{D) + V. 

Corollary 6.4. Let n,m,P{D) and V satisfy the same conditions as Theorem 6.3. Then it follows 
that for any I < p < min \ and a > nfijp — 1 /2) - 1 /2, Bochner-Riesz means 


unifomly hold for any p < r < p'. In particular, we can take r = p and I < p < if m = 2 and 

n >3. 


6.2 Schrodinger operator with the inverse-square potential 

We consider the spectral estimates for Schrodinger operator H = -A -l- V with the inverse square 
potential, that is V{x) = cl\x\'^. Fix n > 2 and assume that -{n - 2)^/4 < c. Note that the potential 
V(x) does not satisfy with condition (6.4) even if c is very small. Hence in the subsection we will 
study this potentials case. First, define by quadratic form method H = -A -l- V on l}(W\dx). The 
classical Hardy inequality 

(6.5) 

shows that for all c > -{n - 2)^/4, the self-adjoint operator H is non-negative. Set p* = n/a, 
cr = max{(n-2)/2- y/in - 2)^/4 -l- c, 0}. If c > 0, then the semigroup exp(—t//) is pointwise bounded 
by the Gaussian semigroup and hence acts on all spaces with l<p<oo. Ifc<0, then exp(-t//) 
acts as a uniformly bounded semigroup on L^(R”) for p 6 {{pf)',p*f) and the range ((p/)',p/) is 
optimal, see for example [42]. It was proved in [14, Section 10] that H satisfies restriction estimate 

(6.6) \\dEH{X)\\^^^, < d > 0 

for all p 6 ((p*)', ^]. If c > 0, then (6.6) for p = (p*)' = 1 is included. 

Assume that n = 3. Next we will use the standard perturbation techniques to prove the following 
result. 

Proposition 6.5. Suppose that H = -A -l- V on and V(x) = c/|xp. Then there exists a constant 
Co > 0 such that ifO<c<Co, then estimate 

(6.7) \\dEH{A)\^^, < d > 0 

holds for all \ < p < 4/3. 
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Proof. Because estimate (6.7) has known for all p 6 [1,6/5] by (6.6) when n = 3, so it suffices 
to prove the spectral estimates for all p 6 [6/5,4/3]. We now start by recalling the well-known 
representation of the free resolvent Roiz) = (-A - z)“' 




iL.'S8(y)dy forlm^>0, 
ii,"-i^g(y)dy forlm^<0. 


see e.g. [22]. By elementary computations we obtain that for z 0 and 1 < p < 3/2, it follows from 
[22, Corollary 14] that 


iiv^ofeviij; < 

< cK(p) f \g\^dx, 

Jb? 

„2 

where K{p) = Then there exists a constant co > 0 such that when 0 < c < co, we have 

that||V^„(d|^);f/2Tnd 

sup||(/ + y7?o(z))-'||;,^p<2 

w>0 

for all 1 < p < 3/2. Next 


||i?0(z)llp^;,'<C|zp(?-7)-', zGCmO] 

for all 6/5 < p < 4/3, see e.g. Stein[49, P. 370], so required estimate (6.7) for 6/5 < p < 4/3 
follows from the perturbation formula (5.2) and Stone’s formula (5.3). □ 
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